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RESUMO
A madeira é um material de construção com elevado nível de sustentabilidade e renovável que captura e retém CO2 
durante todo seu ciclo de vida. Devido a esta peculiaridade é importante que o dimensionamento, quando utilizado 
como material estrutural, seja o mais preciso possível. Assim será possível utilizar este material com maior desempe-
nho. Para isto é necessário conhecer, com maior precisão, as características mecânicas da madeira. Os ensaios me-
cânicos, devido a ser um material ortotrópico, são difíceis e de elevado custo. É necessário determinar três módulos 
de elasticidade, três módulos de deformação transversal e seis coeficientes de Poisson. Assim o objetivo deste artigo 
é determinar as constantes elásticas utilizando o método de propagação de ondas ultrassônicas na madeira Pequi 
(Caryocar Villosum). O aparelho utilizado foi o Panametrics – NDT EPOCH4, com transdutores de ondas longitudinais 
e transversais e frequência de 1 MHz. Foram utilizados corpos de prova com dimensões de 5x5x15 cm, sendo neces-
sários seis tipos de corpos de prova e sete repetições. Cada corpo de prova foi preparado com a direção necessária 
das fibras, para determinar as constantes de rigidez. Com a aplicação das equações de Christoffel determinou-se as 
12 constantes elásticas. Conclui-se que é possível determinar os valores das constantes elásticas utilizando o método 
de propagação de ondas ultrassônicas, com boa precisão, de forma rápida e com custo reduzido.

PALAVRAS CHAVE: Ensaios não destrutivos;módulo de elasticidade; madeira

ABSTRACT 
Wood is a building material with high level of sustainability and renewable that captures and retains CO2 throughout its life 
cycle. Due to this peculiarity, it is important that the design when used as a structural materialbe as accurate as possible. Thus, 
it will be possible to use this material with greater performance. For this, it is necessary to know, with the highest accuracy, the 
mechanical characteristics of the wood. Mechanical tests, due to being an orthotropic material, are difficult and expensive. 
It is necessary to determine three modules of elasticity, three modules of transversal deformation and six Poisson's ratio. So 
the objective of this paper is to determine the elastic constants using the ultrasonic wave propagation method in Pequi wood 
(Caryocar Villosum). The device used was the Panametrics - NDT EPOCH4 with longitudinal and shear wave transducers and a 
frequency of 1MHz. Specimens with dimensions of 5x5x15 cm were used, requiring six types of specimens and seven repetitions. 
Each specimen was prepared, with the necessary fiber direction, to determine the stiffness constants. With the application of 
Christoffel's equations, the 12 elastic constants were determined. It is concluded that it is possible to determine the values of the 
elastic constants using the ultrasonic wave propagation method, with good precision, fast and with reduced cost.

 KEY WORDS: Not destructive tests; elasticity module; wood.
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1. INTRODUCTION
With the devastation of forests raised the concern about the 
use of wood properly characterized and methods develop-
ment and faster analysis, which generate fewer losses. In this 
context, are introduced non-destructive methods for evalua-
tion of thematerial. The study of wave propagation princi-
ple applies to moving orthotropic materials began in 1880 
with the development of the Christoffel equation (BUCUR, 
1984). In addition, about a century later, initiated studies ai-
med at physical and mechanical characterization of wood 
(STANGERLIN et al., 2010). Authors like Bolza and Kloot (1963), 
Kennedy (1965), Bodig and Godmann (1972), Curry and Tory 
(1976), Warren (1979), Atherton (1980), Oberhofnerová et al. 
(2016) and Haseli, et al. (2020) have contributed to the per-
ception of the importance of acoustic wave propagation te-
chnique to estimate the properties of the wood.

To the present day, there are differences of opinions 
regarding the evaluation of the modulus of elasticity of 
wood through wave propagation. Some authors, such as 
Steiger (1997), Ross et al. (1998), Gautam and Bartholomeu 
(2000), and Bjelanović et al. (2019), used the Edin (dyna-
mic modulus of elasticity) of the relationship between 
the speed of wave propagation and wood density (EQ. 
Christoffel), doing an approximation of equation, without 
taking into account the various influences of the Poisson 
coefficient and of transverse elasticity modules. Other au-
thors such as Bucur (1983), Sandoz (1989), Bartholomeu et 
al. (2003), Gonçalves et al. (2011) and Haseli et al. (2020) cal-
led the Christoffel equation of elastic constant. They claim 
to be considered like and din is required to be taken into 
account a number of other factors, such as the Poisson 
coefficients. The purpose of this study is to estimate the 
elastic properties of wood with the use of non-destruc-
tive method of ultrasonic wave propagation considering 
orthotropic material.

2. MATERIALS AND METHODS
The non-destructive tests were performed in the laboratory 
of construction materials and structures, Lab END-UNICAMP. 
Woods tested were in the form of polyhedra (Caryocar villo-
sum), pequi. In all, were used in the six directions, oriented 
CPs the three major,longitudinal (I), radial (II), tangential (III) 
and three intermediate, longitudinal – radial (IV), tangential 
- radial (V), longitudinal – tangential (VI), figure 1. It is worth 
mentioning that most of the worksin Brazilian woods is car-
ried out only with wood oriented in three main directions. 
Took care to use seven repetitions in order to determine the 
characteristic values for the calculation of these properties, 
these data were not available in the literature.

Figure1 - Types of specimens
Fonte: Ballarin e Nogueira (2003)

The device used was the Panametrics-NDT EPOCH4 
(Olympus Panametrics NDT/Inc, San Diego, CA), and use 
of longitudinal and transverse transducers, with frequen-
cy of 1 MHz.

For each wood pequi were used seven beams of 2.5 m 
length and cross section of 150 x 150 mm. They were air dried 
and subsequently deployed in smaller pieces. Then were 
stored for stabilization of humidity, and subsequently made-
-of-proof bodies (CPs) in accordance with Brazilian standard 
NBR 7190 (1997), for determination of the moisture content.

2.1 Wave propagation
The wave propagation in wood is described by move-
ment equations established for an anisotropic solid, whi-
ch can be found through a combination of Newton's law 
and the generalized Hooke's law (Bucur (1984), Carrasco 
and Azevedo Junior (2003), Equation (1).

       	
 
  
ρüi = Ciklm   ∂       ∂um			      (1)

                         ∂xk      ∂x1

  		              

(     )
Assuming that plane harmonic waves are spreading in 

the material, the solution of Equation (3) is the Equation (2).

             (ρ ω² δim - Ciklmkkkl)um = 0			    (2)

Where u0i are the amplitudes of the components of 
the displacement vector and kj are the components of the 
wave vector. The value u0i can be written as u0αi, where 
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u0 is the amplitude of the displacement and αi are the di-
rection cosines of the displacement vector of the particle.

Substituting the value expressed by Equation (2) into 
Equation (1) yields to Equation (3). This equation can be writ-
ten in a more homogeneous by making ui=umδim, where the 
tensor δim is the unit tensor or Kronecker delta, Equation (4).

	    ρ ω² ui = Ciklmkkklum			      (3)

	   (ρ ω² δim - Ciklmkkkl)um = 0
	  

   	    (4)

Equation (4) developed by Christoffel (Bucur, 1984) is 
commonly known as Christoffel´s equation. It represents 
a set of three homogeneous equations of first degree (li-
near) in u1, u2 and u3. These equations have nonzero, not 
trivial solutions if, and only if, the determinant of coeffi-
cient matrix is equal to zero, Equation (5).

The development of this equation provides a cubic 
equation in ω2 (or in terms of v2). The three roots of the 
equation are different, generating three different values 
of propagation velocities.

	    | Ciklmkkkl - ρ ω² δim | = 0		    	   (5)

In general, it is more convenient to write Equation (4) 
in the form of Equation (6), where in tensor λim, known as 
Christoffel´s tensor, defined in Equation (7).

	   (λim - ρv² δim)um	 = 0	    	                     or

 	     λ11 - ρv²          λ12	                    λ13	                  u1

	         λ21	        λ22 - ρv²      λ23	          u2	  = 0	    (6)
  	         λ31	                    λ32 	            λ33 - ρv²     u3

	   
	  

  λim = Ciklmnknl 				        (7)

In Equation (6), v represents the phase velocity of the 
waves and ni, implicit in  λim, denote the direction cosines 
of the normal of the wavefronts. Thus, the new factor must 
be calculated by Equation (7). The tensor λim depends on 
the structural symmetry of the material and direction of 
this wave in this material. Therefore, Equation (7) can be 
rewritten in the matrix format, Equation (8).

	   | λim- ρ v² δim | = 0			     (8)

	     (λ11 - ρv²)          λ12                          λ13

	           λ12	        (λ22 - ρv²)         λ23            = 0 
  	           λ13	                         λ32                 (λ33 - ρv²)   		   (9)

It is often convenient to use matrix notation instead of 
tensor notation. For this, the following scheme is adop-
ted: 11-(1), 22-(2), 33-(3),23-(4), 13-(5), 12-(6).

Thus, expanding the equation (7) and using the sym-
metry of the tensor Ciklm, Equations (10) are obtained.

λ1 = C11 n
2  + C66 n

2 + C55 n
2 + 2C16 n1n2 + 2C15 n1n3+ 2C56 n2n3                         

	

                             
1                       2                        3

λ2 = C66 n
2  + C22 n

2 + C44 n
2 + 2C26 n1n2 + 2C46 n1n3+ 2C24 n2n3                         

	

                              
1                       2                        3

λ3 = C55 n
2  + C44 n

2 + C33 n
2 + 2C45 n1n2 + 2C35 n1n3+ 2C34 n2n3                         

	

                              
1                       2                        3

λ4 = C65 n
2  + C24 n

2 + C43 n
2 + C64 n1n2 + C63 n1n3+ C25 n2n1 + C23 

n2n3  +  C
1

45 n3n1 +
2

C44 n3n2

3

λ5 = C15 n
2  + C64 n

2 + C53 n
2 + C14 n1n2 + C15 n1n3+ C65 n2n1 + C63 

n2n3  +   C
1

55
 n3n1 + C54 n3n2

3
	   

λ6 = C15 n
2  + C62 n

2 + C54 n
2 + C12 n1n2 + C14 n1n3+ C66 n2n1 + C64 

n2n3  +   C
1

56
 n3n1 + C52 n3n2

3
	   

    						       (10)
A careful examination of Equation (9) shows that the dis-

placement vectors (eigenvectors) associated with each eigen-
value, ρv2, are mutually perpendicular. For a given direction 
of propagation, defined by the wave vector k


, three waves 

propagate with displacement vectors mutually perpendi-
cular to each other and with different velocities. In general, 
these waves are not purely longitudinal or purely transverse.

However, for certain directions of propagation in a gi-
ven medium material, in which k


 is an eigenvector of λim, 

a wave is strictly longitudinal and the other two are purely 
transverse. For a pure longitudinal wave the displacement 
vector of the particle u   is parallel to the unit vector per-
pendicular to the wave fronts n . Therefore, the vectorial 
product      x    is zero. On the other hand for a pure trans-
verse wave, the same vectors are perpendicular to each 
other and, consequently, the scalar product      .     is zero.

Christoffel has demonstrated that the direction co-
sines αi of the displacement of the particles of the wave 
fronts are connected with the corresponding wave velo-
cities, Equation (11).

	    α1 λ11 + α2 λ12 + α3 λ13 = α1 ρv²
	    α1 λ12 + α2 λ22 + α3 λ23 = α2 ρv²		   (11)
  	    α1 λ13 + α2 λ23 + α3 λ33 = α3 ρv²

This set of equations can be easily deduced from 
Equation (6), replacing um for the direction cosines αi of 
the particle u  displacement vector, Equation (12). Thus, 
the known propagation velocity of the wave propagation 
direction and density of the wood the elements of the 
matrix elastic constants can be determined.

u n

u n
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    λmi αi  - ρ v² δmi αi = 0 ...   (12)
              λmi αi  = ρ v² δmi αi 

The determination of elastic constants of wood can be 
simplifi ed when considering it, as a fi rst approximation, as 
a solid orthogonally isotropic or simply orthotropic. The 
matrix of elastic coeffi  cients of an orthotropic solid is given 
by equation (13). Thus, it is possible to distinguish, in a woo-
den piece, three structural planes of symmetry that are 
both elastic planes of symmetry, as illustrated in fi gure 1.

  
C  Orthotropic  =   c11      c12       c13         0         0          0
    c12      c22      c23       

  0         0         0
     c13      c13      c33       0         0         0  (13)
     0         0         0          c44       0         0
     0       0         0        0        c55       0
     0       0         0        0          0       c66

With the velocity of wave propagation in the ultraso-
nic tests and wood apparent density, using Christoff el's 
equation, the wood stiff ness constant values were estima-
ted to be approximately the dynamic moduli of elasticity. 
This equation (14) used by Gonçalves and Bartholomeu 
(2000) and Bucur (2006), obtained good results.

    c =   ρV2

              g     
(14)

Where: C = stiff ness constant, MPa; V= velocity of wave 
propagation, m.s-1; ρ = wood apparent density, at 12% mois-
ture content, kg.m-3 and g= acceleration of gravity, 10 m.s-2.

3. RESULTS AND CONSIDERATIONS
In the table 1 is presented the numerical values of speed 
of propagation of the wave and their respective constant 
elastics (CE). It is worth emphasizing that, the direction 1 
refers to the longitudinal direction, the 2 to the radial one, 
and the 3 to the tangential one (BUCUR, 2006).

CE N Average S.D. 95% CI

C11 7 14612 1864 (12888 ; 16336)

C22 7 3555 544 (3052 ; 4058)

C33 7 2413 511 (1940 ; 2886)

C44 7 800 48 (754 ; 844)

C55 7 1087 109 (986 ; 1187)

C66 7 1355 124 (1240 ; 1470)

C12 7 14612 1864 (12888 ; 16336)

C13 7 3555 544 (3052 ; 4058)

C23 7 2413 511 (1940 ; 2886)

Table 1 - Average speeds of ultrasonic waves in the specimens
Fonte: prepared by the author

Bucur (2006) affi  rms, that to attend the basic theory, 
the value must be C11>C22>C33, C44<C55<C66 and 
C12>C13>C23, and the same took place for all the rehe-
arsed samples. 

In the table 2 there are presented the appreciated 
values of each one of constant elastics, it is noticed that 
the biggest values of coeffi  cient of variation were for the 
Poisson’s, which variation was from 32.64 to 47.16%. Bucur 
(2006) affi  rms that this phenomenon was already expec-
ted, because of being treated as a heterogeneous material.

EL ER ET GTR GTL GLR νRL νTL νLR νTR νLT νRT

Average 11561 2315 1598 800 1087 1355 0.12 0.09 0.58 0.36 0.59 0.53

Standard Deviation 2413 406 333 48 109 124 0.05 0.04 0.19 0.13 0.22 0.19

Variation Coeffi  cient 20.87 17.53 20.82 6.06 10.03 9.17 44.34 47.16 32.64 35.57 37.51 36.51

Table 2 - Average values of the elastic constants.
Fonte: prepared by the author

In the Figure 2 is shown the relation between the sta-
tic values and the appreciated ones by the non-destruc-
tive method of ultrasonic wave’s propagation, for the 3 
directions (L, T and R).

4. CONCLUSIONS
It is possible to determine the values of the elastic constants 
using ultrasonic wave propagation. The theory C11> C22> 
C33, C44 <C55 <C66 and C12> C13> C23 was attended.

It is possible to estimate with precision the value of 
Estatic based on the propagation of ultrasonic waves. Figure 02 - Static vs. dynamic longitudinal elasticity module (EL, ET, and ER)

Fonte: prepared by the author
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